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Abstract
We derive predictions for the Nadir angle (θn) dependence of the ratio Nµ/Ne of the
rates of the µ−like and e−like multi-GeV events measured in water-Cˇerenkov detectors
in the case of 3-neutrino oscillations of the atmospheric νe (ν¯e) and νµ (ν¯µ), driven by
one neutrino mass squared difference, |∆m231| ∼ (2.5− 3.0)× 10−3 eV2 ≫ ∆m221. This
ratio is particularly sensitive to the Earth matter effects in the atmospheric neutrino
oscillations, and thus to the values of sin2 θ13 and sin
2 θ23, θ13 and θ23 being the neutrino
mixing angle limited by the CHOOZ and Palo Verde experiments and that responsible
for the dominant atmospheric νµ → ντ (ν¯µ → ν¯τ ) oscillations. It is also sensitive to
the type of neutrino mass spectrum which can be with normal (∆m231 > 0) or with
inverted (∆m231 < 0) hierarchy. We show that for sin
2 θ13 >∼ 0.01, sin2 θ23 >∼ 0.5 and
at cos θn >∼ 0.4, the Earth matter effects modify substantially the θn− dependence of
the ratio Nµ/Ne and in a way which cannot be reproduced with sin
2 θ13 = 0 and a
different value of sin2 θ23. For normal hierarchy the effects can be as large as ∼ 25% for
cos θn ∼ (0.5 − 0.8), can reach ∼ 35% in the Earth core bin cos θn ∼ (0.84 − 1.0), and
might be observable. They are typically by ∼ 10% smaller in the inverted hierarchy
case. An observation of the Earth matter effects in the Nadir angle distribution of the
ratio Nµ/Ne would clearly indicate that sin
2 θ13 >∼ 0.01 and sin2 θ23 >∼ 0.50.
∗Also at: Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 1784 Sofia,
Bulgaria.
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1 Introduction
The publication of the first results of the KamLAND experiment marks the beginning
of a new era in the studies of neutrino mixing and oscillations - the era of high precision
determination of the neutrino mixing parameters. The data obtained by the solar neutrino
experiments Homestake, Kamiokande, SAGE, GALLEX/GNO and Super-Kamiokande (SK)
[1, 2] provided the first strong evidences for oscillations of flavour (electron) neutrinos. Strong
evidences for oscillations of the atmospheric νµ (ν¯µ) neutrinos were obtained by the Super-
Kamiokande (SK) experiment [3]. The evidences for solar νe oscillations into active neutrinos
νµ,τ , were significantly reinforced during the last two years i) by the combined first data of the
SNO experiment [4], and the SK data [2], ii) by the more recent SNO neutral current data [5],
and iii) by the first results of the KamLAND [6] experiment. The KamLAND data practically
establishes [6], under the plausible assumption of CPT-invariance, the large mixing angle
(LMA) MSW solution as unique solution of the solar neutrino problem. This result brings
us, after more than 30 years of research, initiated by the pioneer works of B. Pontecorvo [7]
and the experiment of R. Davis et al. [8], very close to a complete understanding of the true
cause of the solar neutrino problem.
The interpretation of the solar and atmospheric neutrino, and of the KamLAND data in
terms of neutrino oscillations requires the existence of 3-neutrino mixing in the weak charged
lepton current (see, e.g., [9]):
νlL =
3∑
j=1
Ulj νjL . (1)
Here νlL, l = e, µ, τ , are the three left-handed flavor neutrino fields, νjL is the left-handed
field of the neutrino νj having a mass mj and U is the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix [10],
U =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13


(2)
where we have used a standard parametrization of U with the usual notations, sij ≡ sin θij ,
cij ≡ cos θij , and δ is the Dirac CP-violation phase 1. If we identify ∆m221 and ∆m231
with the neutrino mass squared differences which drive the solar and atmospheric neutrino
oscillations, ∆m2
⊙
= ∆m221 > 0, ∆m
2
A = ∆m
2
31, the data suggest that |∆m231| ≫ ∆m221.
In this case θ12 and θ23, represent the neutrino mixing angles responsible for the solar and
atmospheric neutrino oscillations, θ12 = θ⊙, θ23 = θA, while θ13 is the angle limited by the
data from the CHOOZ and Palo Verde experiments [13, 14].
Combined νe → νµ(τ) and ν¯e → ν¯µ(τ) oscillation analyses of the solar neutrino and
KamLAND [6] data, performed under the assumption of CPT-invariance which we will
suppose to hold throughout this study, show [15, 16] that the data favor the LMA MSW
solution with ∆m2
⊙
∼= (6.9 − 7.3) × 10−5 eV2 and tan2 θ⊙ ∼= (0.42 − 0.46). A second,
statistically somewhat less favored LMA solution (LMA II) exists at [15, 16] ∆m2
⊙
∼= 1.5 ×
1We have not written explicitly the two possible Majorana CP-violation phases which do not enter into
the expressions for the oscillation probabilities of interest [11] (see also [12]). We assume throughout this
study 0 ≤ θ12, θ23, θ13 < pi/2.
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10−4 eV2. The atmospheric neutrino data, as is well known, is best described [3] in terms of
dominant νµ → ντ (ν¯µ → ν¯τ ) oscillations with |∆m2A| ∼= 2.5 × 10−3 eV2 and sin2 2θA ∼= 1.0.
The 90% C.L. allowed intervals of values of the two-neutrino oscillation parameters found
in [3] read |∆m2A| ∼= (1.9 − 4.0) × 10−3 eV2 and sin2 2θA ∼= (0.89 − 1.0). According to the
more recent combined analysis of the data from the SK and K2K experiments [17], one
has |∆m2A| ∼= (2.7 ± 0.4) × 10−3 eV2. We will often use in our analysis as illustrative the
values |∆m2A| = 3.0 × 10−3 eV2 and sin2 2θA = 0.92; 1.0. Let us note that the atmospheric
neutrino and K2K data do not allow one to determine the signs of ∆m2A, and of cos 2θA when
sin2 2θA 6= 1.0. This implies that in the case of 3-neutrino mixing one can have ∆m231 > 0
or ∆m231 < 0. The two possibilities correspond to two different types of neutrino mass
spectrum: with normal hierarchy (NH), m1 < m2 < m3, and with inverted hierarchy (IH),
m3 < m1 < m2. The fact that the sign of cos 2θA is not determined when sin
2 2θA 6= 1.0
implies that when, e.g., sin2 2θA ≡ sin2 2θ23 = 0.92, two values of sin2 θ23 are possible,
sin2 θ23 ∼= 0.64 or 0.36.
In what regards the mixing angle θ13, a 3-ν oscillation analysis of the CHOOZ data [18]
led to the conclusion that for ∆m2
⊙
<∼ 10−4 eV2, the limits on sin2 θ13 practically coincide
with those derived in the 2-ν oscillation analysis in [13]. A combined 3-ν oscillation analysis
of the solar neutrino, CHOOZ and the KamLAND data, performed under the assumption
of ∆m2
⊙
≪ |∆m2A| (see, e.g., [9, 19]), showed [15] that sin2 θ13 < 0.05 at 99.73% C.L. The
authors of [15] found the best-fit value of sin2 θ13 to lie in the interval sin
2 θ13 ∼= (0.00−0.01).
Getting more precise information about the value of the mixing angle θ13, determining the
sign of ∆m2A, or the type of the neutrino mass spectrum (with normal or inverted hierarchy),
and measuring the value of sin2 θ23 with a higher precision is of fundamental importance for
the progress in the studies of neutrino mixing.
The mixing angle θ13, or the absolute value of the element Ue3 of the PMNS matrix,
|Ue3| = sin θ13, plays a very important role in the phenomenology of the 3-neutrino oscilla-
tions. It drives the sub-dominant νµ ↔ νe (ν¯µ ↔ ν¯e) oscillations of the atmospheric νµ (ν¯µ)
and νe (ν¯e) [20, 21, 22]. The value of θ13 controls also the νµ → νe, ν¯µ → ν¯e, νe → νµ and
ν¯e → ν¯µ transitions in the long baseline neutrino oscillation experiments (MINOS, CNGS),
and in the widely discussed very long baseline neutrino oscillation experiments at neutrino
factories (see, e.g., [23, 24, 25, 26]). The magnitude of the T-violating and CP-violating
probabilities in neutrino oscillations is directly proportional to sin θ13 (see, e.g., [27, 28, 29]).
Thus, in the sub-dominant channels of interest to T- and CP-violation studies, the corre-
sponding asymmetries become proportional to ∆m2
⊙
/ sin θ13 [29, 30]. The value of sin θ13 is
thus of prime importance.
If the neutrinos with definite mass are Majorana particles (see, e.g., [12]), the predicted
value of the effective Majorana mass parameter in neutrinoless double β−decay depends
strongly in the case of hierarchical neutrino mass spectrum on the value of sin2 θ13 (see, e.g.,
[31]).
The sign of ∆m2A determines, for instance, which of the transitions (e.g., of atmospheric
neutrinos) νµ → νe and νe → νµ, or ν¯µ → ν¯e and ν¯e → ν¯µ, can be enhanced by the Earth
matter effects [32, 33, 34]. The predictions for the neutrino effective Majorana mass in
neutrinoless double β−decay depend critically on the type of the neutrino mass spectrum
(normal or inverted hierarchical) [31, 35]. The knowledge of the value of θ13 and of the sign
of ∆m2A = ∆m
2
31 is crucial for the searches for the correct theory of neutrino masses and
3
mixing as well.
Somewhat better limits on sin2 θ13 than the existing one can be obtained in the MINOS
experiment [36]. Various options are being currently discussed (experiments with off-axis
neutrino beams, more precise reactor antineutrino and long base-line experiments, etc., see,
e.g., [37]) of how to improve by at least an order of magnitude, i.e., to values of ∼ 0.005
or smaller, the sensitivity to sin2 θ13. The sign of ∆m
2
A can be determined in very long
base-line neutrino oscillation experiments at neutrino factories (see, e.g., [23, 24]), and, e.g,
using combined data from long base-line oscillation experiments at the JHF facility and with
off-axis neutrino beams [38]. If the neutrinos with definite mass are Majorana particles, it
can be determined by measuring the effective neutrino Majorana mass in neutrinoless double
β−decay experiments [31, 35]. Under certain rather special conditions it might be determined
also in experiments with reactor ν¯e [39].
In the present article we study possibilities to obtain information on the value of sin2 θ13
and on the sign of ∆m2A = ∆m
2
31 using the atmospheric neutrino data, accumulated by the SK
experiment, and more generally, that can be provided by future water-Cˇerenkov detectors,
like UNO and Hyper-Kamiokande. We consider 3-neutrino oscillations of the atmospheric
νµ, ν¯µ, νe and ν¯e under the condition ∆m
2
⊙
= ∆m221 ≪ |∆m2A| = |∆m231|, which is suggested
to hold by the current solar and atmospheric neutrino data. Under the indicated condition,
the expressions for the probabilities of νµ → νe (νe → νµ) and ν¯µ → ν¯e (ν¯e → ν¯µ) transitions
contain sin2 θ23 as a factor, which determines their maximal values. Depending on the sign
of ∆m231, the Earth matter effects can resonantly enhance either the νµ → νe and νe → νµ, or
the ν¯µ → ν¯e and ν¯µ → ν¯µ transitions if sin2 θ13 6= 0. The effects of the enhancement can be
substantial for sin2 θ13 >∼ 0.01. They are larger in the multi-GeV e-like and µ−like samples of
events and for atmospheric neutrinos with relatively large path length in the Earth, crossing
deeply the mantle [25, 24] or the mantle and the core [20, 22, 40, 41, 42], i.e., for cos θn >∼ 0.4,
where θn is the Nadir angle characterizing the neutrino trajectory in the Earth.
The νµ → νe (ν¯µ → ν¯e) and νe → νµ (ν¯e → ν¯µ) transitions in the Earth lead to the
reduction of the rate of the multi-GeV µ−like events and to the increase of the rate of the
multi-Gev e−like events in the Super-Kamiokande (or any other water-Cˇerenkov) detector
with respect to the case of absence of these transitions (see, e.g., [20, 21, 22, 41, 42]).
Correspondingly, as observables which are sensitive to the Earth matter effects, and thus to
the value of sin2 θ13 and the sign of ∆m
2
31, as well as to sin
2 θ23, we consider the Nadir-angle
distributions of the ratios N3νµ /N
3ν
e and N
3ν
e /N
0
e , where N
3ν
µ and N
3ν
e and are the multi-GeV
µ−like and e-like numbers of events (or event rates) in the case of 3-ν oscillations of the
atmospheric νe, ν¯e and νµ, ν¯µ, and N
0
e is the number of e−like events in the case of absence
of oscillations (sin2 θ13 = 0). The ratio of the energy and Nadir angle integrated µ−like
and e−like events, Nµ/Ne, has been measured with a relatively high precision by the SK
experiment [3]. The systematic uncertainty, in particular, in the Nadir angle dependence
of the ratio Nµ/Ne can be smaller than those on the measured Nadir angle distributions of
µ−like and e−like events, Nµ and Ne.
We obtain predictions for the Nadir-angle distributions of N3νµ /N
3ν
e and of N
3ν
e /N
0
e both
for neutrino mass spectra with normal (∆m231 > 0) and inverted (∆m
2
31 < 0) hierarchy,
(N3νµ /N
3ν
e )NH, (N
3ν
µ /N
3ν
e )IH, (N
3ν
e /N
0
e )NH and (N
3ν
µ /N
0
e )IH, and for sin
2 θ23 = 0.64; 0.50; 0.36.
We compare the latter with the predicted Nadir-angle distributions i) of the ratio Nµ/Ne
for the case the 3-neutrino oscillations taking place in vacuum, (N3νµ /N
3ν
e )vac, and ii) of the
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ratio N2νµ /N
0
e , where N
2ν
µ is the predicted number of µ−like events in the case of 2-neutrino
νµ → ντ and ν¯µ → ν¯τ oscillations of the atmospheric νµ and ν¯µ. Predictions for the different
types of ratios indicated above of the suitably integrated Nadir angle distributions of the
µ−like and e−like multi-GeV events are also given. Our results show, in particular, that
for sin2 θ23 >∼ 0.50 sin2 θ13 >∼ 0.01 and ∆m231 > 0, the effects of the Earth matter enhanced
νµ → νe and νe → νµ transitions of the atmospheric νµ and νe, might be observable with the
Super-Kamiokande detector. Conversely, if the indicated effects are indeed observed in the
Super-Kamiokande experiment, that would suggest in turn that sin2 θ13 >∼ 0.01, sin2 θ23 >∼
0.50 and that the neutrino mass spectrum is with normal hierarchy, ∆m231 > 0.
Let us note finally that the Earth matter effects have been widely investigated (for a
recent detailed study see, e.g., ref. [43] which contains also a rather complete list of references
to earlier work on the subject). However, the study of the magnitude of the Earth matter
effects in the Nadir angle distribution of the ratio of the multi-GeV µ−like and e−like events,
measured in water-Cˇerenkov detectors, performed here overlaps very little with the earlier
investigations.
2 3-ν Oscillations of Atmospheric Neutrinos in the Earth
In the present Section we summarize the results on the oscillations of atmospheric neu-
trinos crossing the Earth, which we use in our analysis.
2.1 Preliminary Remarks
The νµ → νe (ν¯µ → ν¯e) and νe → νµ(τ) (ν¯e → ν¯µ(τ)) oscillations of atmospheric neutrinos
should exist and their effects could be observable if genuine three-flavour-neutrino mixing
takes place in vacuum, i.e., if sin2 2θ13 6= 0, and if sin2 2θ13 is sufficiently large [20] (see also,
e.g., [21, 22, 41, 42]). Under the condition |∆m231| ≫ ∆m221, which the neutrino mass squared
differences determined by the existing atmospheric and solar neutrino and KamLAND data
satisfy, the relevant three-neutrino νµ → νe (ν¯µ → ν¯e) and νe → νµ(τ) (ν¯e → ν¯µ(τ)) transition
probabilities reduce effectively to a two-neutrino transition probability [44]. with ∆m231
and sin2 2θ13 = 4|Ue3|2(1 − |Ue3|2) playing the role of the relevant two-neutrino oscillation
parameters. Thus, searching for the effects of νµ → νe (ν¯µ → ν¯e) and νe → νµ(τ) (ν¯e → ν¯µ(τ))
transitions of atmospheric neutrinos, amplified by Earth matter effects, can provide unique
information, in particular, about the magnitude of sin2 θ13.
As is not difficult to show using the results of [44], the 3-neutrino oscillation probabilities
of interest for atmospheric νe,µ having energy E and crossing the Earth along a trajectory
characterized by a Nadir angle θn, have the following form (see also, e.g., [22, 25]):
P3ν(νe → νe) ∼= 1− P2ν , (3)
P3ν(νe → νµ) ∼= P3ν(νµ → νe) ∼= s223 P2ν , (4)
P3ν(νe → ντ ) ∼= c223 P2ν , (5)
P3ν(νµ → νµ) ∼= 1− s423 P2ν − 2c223s223
[
1−Re (e−iκA2ν(ντ → ντ ))
]
, (6)
P3ν(νµ → ντ ) = 1− P3ν(νµ → νµ)− P3ν(νµ → νe). (7)
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Here P2ν ≡ P2ν(∆m231, θ13;E, θn) is the probability of two-neutrino oscillations in the Earth
which coincides in form with, e.g., the two-neutrino νe → ντ transition probability, P2ν(νe →
ντ ), but describes νe → ν ′τ transitions, where ν ′τ = s23νµ + c23ντ [44], and κ and A2ν(ντ →
ντ ) ≡ A2ν are known phase and two-neutrino transition probability amplitude. Analytic
expressions for P2ν , κ and A2ν will be given later.
Using eqs. (3) - (7) it is not difficult to convince oneself that the fluxes of atmospheric
νe,µ of energy E, which reach the detector after crossing the Earth along a given trajectory
specified by the value of θn, Φνe,µ(E, θn), are given by the following expressions in the case
of the three-neutrino oscillations under discussion [21, 22]:
Φνe(E, θn)
∼= Φ0νe
(
1 + [s223r − 1] P2ν
)
, (8)
Φνµ(E, θn)
∼= Φ0νµ
(
1 + s423 [(s
2
23 r)
−1 − 1] P2ν − 2c223s223
[
1−Re (e−iκA2ν(ντ → ντ ))
])
,
(9)
where Φ0νe(µ) = Φ
0
νe(µ)
(E, θn) is the νe(µ) flux in the absence of neutrino oscillations and
r ≡ r(E, θn) ≡
Φ0νµ(E, θz)
Φ0νe(E, θz)
. (10)
The interpretation of the SK atmospheric neutrino data in terms of νµ → ντ oscillations
requires the parameter s223 to lie approximately in the interval (0.30 - 0.70), with 0.5 being
the statistically preferred value. For the predicted ratio r(E, θn) of the atmospheric νµ
and νe fluxes for i) the Earth core crossing and ii) only mantle crossing neutrinos, having
trajectories for which 0.4 <∼ cos θn ≤ 1.0, one has [45, 46, 47]: r(E, θz) ∼= (2.0 − 2.5) for
the neutrinos giving contribution to the sub-GeV samples of Super-Kamiokande events, and
r(E, θn) ∼= (2.6 − 4.5) for those giving the main contribution to the multi-GeV samples. If
s223 = 0.5 and r(E, θz)
∼= 2.0, we have (s223 r(E, θz) − 1) ∼= 0 and the possible effects of
the νµ → νe and νe → νµ(τ) transitions on the νe and νµ fluxes, and correspondingly on
the sub-GeV e−like sample of events, would be strongly suppressed even if these transitions
were maximally enhanced by the Earth matter effects. For the multi-GeV neutrinos we have
(s223 r(E, θz)− 1) >∼ 0.3 (0.9) for s223 = 0.5 (0.7). The factor (s223 r(E, θz)− 1), for instance,
amplifies the effect of the νµ → νe transitions in the e−like sample for E >∼ (5− 6) GeV, for
which r(E, θz) >∼ 4 [45, 46, 47].
The same conclusions are valid for the effects of oscillations on the fluxes of, and event
rates due to, atmospheric antineutrinos: ν¯e and ν¯µ. Actually, the formulae for anti-neutrino
fluxes and oscillation probabilities are analogous to those for neutrinos: they can be ob-
tained formally from eqs. (3) - (10) by replacing the neutrino related quantities - proba-
bilities, κ, A2ν(ντ → ντ ) and fluxes, with the corresponding quantities for antineutrinos:
P2ν(∆m
2
31, θ13;E, θn)→ P¯2ν(∆m231, θ13;E, θn), κ→ κ¯, A2ν(ντ → ντ )→ A2ν(ν¯τ → ν¯τ ) ≡ A¯2ν ,
P3ν(νl → νl′)→ P3ν(ν¯l → ν¯l′), Φ(0)νe,µ(E, θn)→ Φ(0)ν¯e,µ(E, θn) and r(E, θn)→ r¯(E, θn).
Equations (3) - (6), (8) - (9) and the similar equations for antineutrinos imply that in the
case under study the effects of the νµ → νe, ν¯µ → ν¯e, and νe → νµ(τ), ν¯e → ν¯µ(τ), oscillations
i) increase with the increase of s223 and are maximal for the largest allowed value of s
2
23,
ii) should be considerably larger in the multi-GeV samples of events than in the sub-GeV
samples, iii) in the case of the multi-GeV samples, they lead to an increase of the rate of
e-like events and to a slight decrease of the µ−like event rate. This discussion suggests that
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the quantity most sensitive to the effects of the oscillations of interest should be the ratio of
the µ−like and e−like multi-GeV events (or event rates), Nµ/Ne.
The magnitude of the effects we are interested in depends also on the 2-neutrino oscillation
probabilities, P2ν(∆m
2
31, θ13;E, θn) and P¯2ν(∆m
2
31, θ13;E, θn). In the case of oscillations in
vacuum we have P2ν(∆m
2
31, θ13;E, θn) = P¯2ν(∆m
2
31, θ13;E, θn) ∼ sin2 2θ13. Given the existing
limits on sin2 2θ13, the probabilities P2ν and P¯2ν cannot be large if the oscillations take place
in vacuum. However, P2ν or P¯2ν can be strongly enhanced by the Earth matter effects. The
latter depend on the Earth density profile and we will discuss it next briefly.
2.2 The Earth Model and the Two-Layer Density Approximation
As is well-known, the Earth density distribution in the existing Earth models is assumed
to be spherically symmetric 2 and there are two major density structures - the core and the
mantle, and a certain number of substructures (shells or layers). The core radius and the
depth of the mantle are known with a rather good precision and these data are incorporated
in the Earth models. According to the Stacey 1977 and the more recent PREM models
[48, 49], which are widely used in the calculations of the probabilities of neutrino oscillations
in the Earth, the core has a radius Rc = 3485.7 km, the Earth mantle depth is approximately
Rman = 2885.3 km, and the Earth radius is R⊕ = 6371 km. The mean values of the
matter densities of the core and of the mantle read, respectively: ρ¯c ∼= 11.5 g/cm3 and
ρ¯man ∼= 4.5 g/cm3.
All the interesting features of the atmospheric neutrino oscillations in the Earth can be
understood quantitatively in the framework of the two-layer model of the Earth density
distribution [20]. The density profile of the Earth in the two-layer model is assumed to
consist of two structures - the mantle and the core, having different densities, ρman and ρc,
and different electron fraction numbers, Y mane and Y
c
e , none of which however vary within
a given structure. The densities ρman and ρc in the case of interest should be considered
as mean effective densities along the neutrino trajectories, and they vary somewhat with
the change of the trajectory [20]: ρman = ρ¯man and ρc = ρ¯c. In the PREM and Stacey
models one has for cos θn >∼ 0.4: ρ¯man ∼= (4 − 5) g/cm3 and ρ¯c ∼= (11 − 12) g/cm3. For the
electron fraction numbers in the mantle and in the core 3 one can use the standard values [50]
Y mane = 0.49 and Y
c
e = 0.467. Numerical calculations show [51] (see also [20, 27]) that, e.g.,
the νe → νµ oscillation probability of interest, calculated within the two-layer model of the
Earth with ρ¯man and ρ¯c for a given neutrino trajectory determined using the PREM (or the
Stacey) model, reproduces with a remarkably high precision the corresponding probability
calculated by solving numerically the relevant system of evolution equations with the much
more sophisticated Earth density profile of the PREM (or Stacey) model.
We give below the expressions for the probability P2ν(E, θn; ∆m
2
31, θ13), for the phase κ
and for the amplitude A2ν(ντ → ντ ) in the two-layer approximation of the Earth density
distribution and in the general case of neutrinos crossing the Earth core. The expression for
P2ν(E, θn; ∆m
2
31, θ13), as we have already indicated, coincides with that for the probability
2Let us note that because of the approximate spherical symmetry of the Earth, a given neutrino trajectory
through the Earth is completely specified by its Nadir angle.
3The electron fraction number is given by Ye = Ne/(Np +Nn) = Np/(Np +Nn), where Ne, Np and Nn
are the electron, proton and neutron number densities in matter, respectively.
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of the two-neutrino νµ → νe (νe → νµ(τ)) transitions and has the form [20] 4 :
P2ν(E, θz; ∆m
2
31, θ13) =
1
2
[1− cos∆E ′′X ′′] sin2 2θ′′m
+
1
4
[1− cos∆E ′′X ′′] [1− cos∆E ′X ′]
[
sin2(2θ′′m − 4θ′m)− sin2 2θ′′m
]
− 1
4
[1− cos∆E ′′X ′′] [1− cos 2∆E ′X ′] sin2 2θ′m cos2(2θ′′m − 2θ′m)
+
1
4
[1 + cos∆E ′′X ′′] [1− cos 2∆E ′X ′] sin2 2θ′m
+
1
2
sin∆E ′′X ′′ sin 2∆E ′X ′ sin2 2θ′m cos(2θ
′′
m − 2θ′m)
+
1
4
[cos(∆E ′X ′ −∆E ′′X ′′)− cos(∆E ′X ′ +∆E ′′X ′′)] sin 4θ′m sin(2θ′′m − 2θ′m). (11)
Here
∆E ′ (∆E ′′) =
∆m231
2E
√√√√√

1− ρ¯man (c)
ρresman (c)


2
cos2 2θ13 + sin
2 2θ13 , (12)
is the difference between the energies of the two energy- eigenstate neutrinos in the mantle
(core), θ′m and θ
′′
m are the mixing angles in matter in the mantle and in the core, respectively,
sin2 2θ′m (sin
2 2θ′′m) =
sin2 2θ13
(1− ρ¯man(c)
ρres
man(c)
)2 cos2 2θ13 + sin
2 2θ13
, (13)
X ′ is half of the distance the neutrino travels in the mantle and X ′′ is the length of the path
of the neutrino in the core, ρresman and ρ
res
c are the resonance densities in the mantle and in
the core, and ρ¯man and ρ¯c are the mean densities along the neutrino trajectory in the mantle
and in the core For a neutrino trajectory which is specified by a given Nadir angle θn we
have:
X ′ = R⊕ cos θn −
√
R2c −R2⊕ sin2 θn, X ′′ = 2
√
R2c − R2⊕ sin2 θn, (14)
where R⊕ = 6371 km is the Earth radius (in the PREM [49] and Stacey [48] models) and
Rc = 3485.7 km is the core radius. The neutrinos cross the Earth core on the way to the
detector for θn <∼ 33.17o.
The resonance densities in the mantle and in the core can be obtained from the expressions
ρres =
∆m231 cos 2θ13
2E
√
2GFYe
mN , (15)
mN being the nucleon mass, by using the specific values of Ye in the mantle and in the core.
We have ρresman 6= ρresc because Y ce = 0.467 and Y mane = 0.49 [50] (see also [52]). Obviously,
Y ce ρ
res
c = Y
man
e ρ
res
man.
4The expression for P2ν (eq. (11)) can be obtained from the expression for the probability Pe2 = P (ν2 →
νe) given in eq. (7) in [20] by formally setting θ = 0 while keeping θ
′
m
6= 0 and θ′′
m
6= 0.
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The phase κ and the probability amplitude A2ν which appear in eq. (9) for the flux
of atmospheric νµ in the case of three-flavour neutrino mixing and hierarchy between the
neutrino mass squared differences and therefore can play important role in the interpretation
of the, e.g., Super-Kamiokande atmospheric neutrino data, have the following form in the
two-layer model of the Earth density distribution [20, 21, 22]:
κ ∼= 1
2
[
∆m231
2E
X+
√
2GF
1
mN
(X ′′Y ce ρ¯c+2X
′Y mane ρ¯man)−2∆E ′X ′−∆E ′′X ′′]−
∆m221
2E
X cos 2θ12,
(16)
A2ν(ντ → ντ ) = 1 +
(
e−i2∆E
′X′ − 1
) [
1 +
(
e−i∆E
′′X′′ − 1
)
cos2(θ′m − θ′′m)
]
cos2 θ′m (17)
+
(
e−i∆E
′′X′′ − 1
)
cos2 θ′′m +
1
2
(
e−i∆E
′′X′′ − 1
) (
e−i∆E
′X′ − 1
)
sin(2θ′m − 2θ′′m) sin 2θ′m ,
where 5 X = X ′′ + 2X ′.
The expressions for P¯2ν , κ¯ and A2ν(ν¯τ → ν¯τ ) can be obtained from the corresponding
expressions for neutrinos by replacing ρman,c with (-ρman,c) in eqs. (12) and (13).
2.3 Oscillations in the Earth Mantle
In the two-layer model, the oscillations of atmospheric neutrinos crossing only the Earth
mantle (but not the Earth core), correspond to oscillations in matter with constant density.
The relevant expressions for P2ν , κ and A2ν(ντ → ντ ) follow from eqs. (11), (16) and (17)
by setting X ′′ = 0 and using X ′ = R⊕ cos θn. The expressions for P2ν (P¯2ν) and A2ν (A¯2ν)
have the standard well-known form.
In the case under study θ13 plays the role of a two-neutrino vacuum mixing angle in the
probabilities P2ν and P¯2ν . Since sin
2 θ13 < 0.05, we have cos 2θ13 > 0. Consequently, the
Earth matter effects can resonantly enhance P2ν for ∆m
2
31 > 0 and P¯2ν if ∆m
2
31 < 0 [25]. Due
to the difference of cross sections for neutrinos and antineutrinos, approximately 2/3 of the
total rate of the µ−like and e−like multi-GeV atmospheric neutrino events in the SK (and
in any other water-Cˇerenkov) detector, i.e., ∼ 2Nµ/3 and ∼ 2Ne/3, are due to neutrinos νµ
and νe, respectively, while the remaining ∼ 1/3 of the multi-GeV event rates, i.e., ∼ Nµ/3
and ∼ Ne/3, are produced by antineutrinos ν¯µ and ν¯e. This implies that the Earth matter
effects in the multi-GeV samples of µ−like and e−like events will be larger if ∆m231 > 0, i.e.,
if the neutrino mass spectrum is with normal hierarchy, than if ∆m231 < 0 and the spectrum
is with inverted hierarchy. Thus, the ratio Nµ/Ne of the multi-GeV µ−like and e−like event
rates measured in the SK experiment is sensitive, in principle, to the type of the neutrino
mass spectrum.
Consider for definiteness the case of ∆m231 > 0. It follows from eqs. (8) and (9) that
the oscillation effects of interest will be maximal if P2ν ∼= 1. The latter is possible provided
i) the well-known resonance condition [33, 34], leading to sin2 2θ′m
∼= 1, is fulfilled, and ii)
cos 2∆E ′X ′ ∼= −1. Given the values of ρ¯man and Y mane , the first condition determines the
neutrino energy at which P2ν can be enhanced:
Eres ∼= 6.6×∆m231[10−3 eV2] (N¯mane [NAcm−3])−1 cos 2θ13 GeV, (18)
5One can get the expression for the amplitude A2ν(ντ → ντ ) from eq. (1) in ref. [20] by formally setting
θ = pi/2 while keeping θ′
m
and θ′′
m
arbitrary, and then interchanging sin θ′
m
(sin θ′′
m
) and cos θ′
m
(cos θ′′
m
).
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where ∆m231[10
−3 eV2] is the value of ∆m231 in units of 10
−3 eV2 and N¯mane [NA cm
−3] is the
electron number density, N¯mane = Y
man
e ρ¯man/mN, in units of NAcm
−3, NA being the Avogadro
number. If the first condition is satisfied, the second determines the length of the path of
the neutrinos in the mantle for which one can have P2ν ∼= 1:
2X ′(∆E ′)res ∼= 1.2pi tan 2θ13 N¯mane [NAcm−3] 2X ′[104 km] , (19)
where X ′ is in units of 104 km. Taking ∆m231
∼= (2.1 − 3.3)× 10−3 eV2, N¯mane ∼= 2 NAcm−3
and cos 2θ13 ∼= 1 one finds from eq. (18): Eres ∼= (7− 11) GeV. The width of the resonance
in E, 2δE, is determined, as is well-known, by tan 2θ13: δE/Eres ∼ tan 2θ13. For sin2 θ13 ∼
(0.01−0.05), the resonance is relatively wide in the neutrino energy: δE/Eres ∼= (0.27−0.40).
Equation (19) implies that for sin2 θ13 = 0.05 (0.025) and N¯
man
e
∼= 2 NAcm−3, one can have
P2ν ∼= 1 only if 2X ′ ∼= 8000 (10000) km.
It follows from the above simple analysis [25] that the Earth matter effects can amplify
P2ν significantly when the neutrinos cross only the mantle i) for E ∼ (5 − 10) GeV, i.e., in
the multi-GeV range of neutrino energies, and ii) only for sufficiently long neutrino paths in
the mantle, i.e., for cos θn >∼ 0.4. The magnitude of the matter effects in the ratio Nµ/Ne of
interest increases with increasing sin2 θ13.
The same results, eqs. (18) and (19), and conclusions are valid for the antineutrino
oscillation probability P¯2ν in the case of ∆m
2
31 < 0. As a consequence, the ideal situation for
distinguishing the type of mass hierarchy would be a detector with charge discrimination.
2.4 Oscillations of Atmospheric Neutrinos Crossing the Earth Core
In this case P2ν , κ and A2ν are given by eqs. (11), (16) and (17). In the discussion which
follows we will assume for concretness that ∆m231 > 0, consider the probability P2ν and the
transitions of neutrinos. If ∆m231 < 0, the results we will briefly discuss below will be valid
for the probability P¯2ν and the transitions of antineutrinos.
For sin2 θ13 < 0.05 and ∆m
2
31 > 0, we can have P2ν
∼= 1 only due to the effect of maximal
constructive interference between the amplitudes of the the νe → ν ′τ transitions in the Earth
mantle and in the Earth core [20, 40, 41]. The effect differs from the MSW one [20]. The
mantle-core enhancement effect is caused by the existence (for a given neutrino trajectory
through the Earth core) of points of resonance-like total neutrino conversion, P2ν = 1, in
the corresponding space of neutrino oscillation parameters [40, 41]. The location of these
points determines the regions where P2ν is large, P2ν >∼ 0.5. These regions vary slowly with
the Nadir angle, they are remarkably wide in the Nadir angle and are rather wide in the
neutrino energy [41], so that the transitions of interest produce noticeable effects in the ratio
Nµ/Ne: we have, e.g., δE/E ∼= 0.3 for the values of sin2 θ13 of interest.
The resonance-like total neutrino conversion due to the mantle-core enhancement effect
takes place for a given neutrino trajectory through the Earth core if the following two
conditions are satisfied [40, 41]:
tan
1
2
∆E ′X ′ = ±
√ − cos 2θ′′m
cos(2θ′′m − 4θ′m)
, tan
1
2
∆E ′′X ′′ = ± cos 2θ
′
m√
− cos 2θ′′m cos(2θ′′m − 4θ′m)
,
(20)
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where the signs are correlated and cos 2θ′′m cos(2θ
′′
m − 4θ′m) ≤ 0. As was shown in [41],
conditions (20) are fulfilled for the νµ → νe and νe → νµ(τ) transitions of the Earth core-
crossing atmospheric neutrinos. A rather complete set of values of ∆m231/E and sin
2 2θ13 for
which both conditions in (20) hold and P2ν = 1 for neutrino trajectories with Nadir angle
θn = 0; 13
0; 230; 300 was also found in [41].
For sin2 θ13 < 0.05, there are two sets of values of ∆m
2
31 and sin
2 θ13 for which eq. (20)
is fulfilled and P2ν = 1. These two solutions of eq. (20) occur for, e.g., θn = 0; 13
0; 230,
at 1) sin2 2θ13 = 0.034; 0.039; 0.051, ∆m
2
31/E = 7.2; 7.0; 6.5 × 10−7 eV2/MeV, and at
2) sin2 2θ13 = 0.15; 0.17; 0.22, ∆m
2
31/E = 4.8; 4.5; 3.8 × 10−7 eV2/MeV (see Table 2 in
ref. [41]). The first solution corresponds to cos 2∆E ′X ′ = −1, cos∆E ′′X ′′ = −1 and 6
and sin2(2θ′′m − 4θ′m) = 1. For ∆m2 = 3 × 10−3 eV2, the total neutrino conversion occurs
in the case of the first solution at E ∼= (4.2 − 4.7) GeV. The atmospheric νe and νµ with
these energies contribute to the multi-GeV samples of e−like and µ−like events in the SK
experiment. The values of sin2 2θ13 at which the second solution takes place are marginally
allowed. If ∆m2 = 3 × 10−3 eV2, one has P2ν = 1 for this solution for a given θn in the
interval 0 <∼ θn <∼ 230 at E lying in the interval E ∼= (6.3− 8.0) GeV.
The above discussion suggests, in particular, that the effects of the mantle-core (NOLR)
enhancement of P2ν (or P¯2ν) in the ratios Nµ/Ne and N
3ν
e /N
0
e increase rapidly with sin
2 θ13
as long as sin2 θ13 <∼ 0.01, and should exhibit a rather weak dependence on sin2 θ13 for
0.01 <∼ sin2 θ13 < 0.05. If 3-neutrino oscillations of atmospheric neutrinos take place, the
magnitude of the matter effects in the multi-GeV e−like and µ−like event samples, produced
by neutrinos crossing the Earth core, should be larger than in the event samples due to
neutrinos crossing only the Earth mantle (but not the core). This is a consequence of the
fact that in the energy range of interest the atmospheric neutrino fluxes decrease rather
rapidly with energy - approximately as E−2.7, while the neutrino interaction cross section
rises only linearly with E, and that the maximum of P2ν (or P¯2ν) due to the NOLR takes
place at approximately two times smaller energies than that due to the MSW effect for
neutrinos crossing only the Earth mantle (e.g., at E ∼= (4.2 − 4.7) GeV and E ∼= 10 GeV,
respectively, for ∆m2 = 3× 10−3 eV2).
3 Results
The results of our analysis are summarized graphically in Figs. 1 - 5. We have used in the
calculations the predictions for the Nadir angle and energy distributions of the atmospheric
neutrino fluxes given in [47]. In this analysis, we only consider Deep Inelastic Scattering
(DIS) cross sections and we make use of the GRV94 parton distributions given in [53].
The predicted dependences on cos θn of the ratios of the multi-GeV µ− and e− like events
(or event rates), integrated over the neutrino energy from the interval E = (2.0−10.0) GeV,
in the case i) of two-neutrino νµ → ντ and ν¯µ → ν¯τ oscillations in vacuum and no νe
and ν¯e oscillations, N
2ν
µ /N
0
e , ii) three-neutrino oscillations in vacuum of νµ, ν¯µ, νe and ν¯e,
(N3νµ /N
3ν
e )vac, iii) three-neutrino oscillations of νµ, ν¯µ, νe and ν¯e in the Earth in the cases of
neutrino mass spectrum with normal hierarchy (N3νµ /N
3ν
e )NH, and with inverted hierarchy,
6The term “neutrino oscillation length resonance” (NOLR) was used in [20] to denote the mantle-core
enhancement effect in this case.
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Figure 1: The dependence on cos θn of the ratios of the multi-GeV µ− and e− like events
(or event rates), integrated over the neutrino energy in the interval E = (2.0 − 10.0) GeV,
in the cases i) of two-neutrino νµ → ντ and ν¯µ → ν¯τ oscillations in vacuum and no νe and ν¯e
oscillations, N2νµ /N
0
e (solid lines), ii) three-neutrino oscillations in vacuum of νµ, ν¯µ, νe and
ν¯e, (N
3ν
µ /N
3ν
e )vac (dash-dotted lines), iii) three-neutrino oscillations of νµ, ν¯µ νe and ν¯e in
the Earth and neutrino mass spectrum with normal hierarchy (N3νµ /N
3ν
e )NH (dashed lines),
or with inverted hierarchy, (N3νµ /N
3ν
e )IH (dotted lines). The results shown are for |∆m231| =
3× 10−3 eV2, sin2 θ23 = 0.36 (upper panels); 0.50 (middle panels); 0.64 (lower panels), and
sin2 2θ13 = 0.05 (left panels); 0.10(right panels).
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(N3νµ /N
3ν
e )IH, for sin
2 θ23 = 0.64; 0.50; 0.36, sin
2 2θ13 = 0.05; 0.10 and |∆m231| = 3×10−3 eV2
are shown in Fig. 1.
As cos θn increases from 0 to ∼ 0.2, the neutrino path length in the Earth increases from 0
to 2X ′ = 2R⊕ cos θn ∼= 2550 km. The νµ → ντ (ν¯µ → ν¯τ ) oscillations, which for cos θn <∼ 0.2
proceed in the Earth essentially as in vacuum, fully develop. For |∆m231| = 3 × 10−3 eV2
and E = 3 GeV, for example, the maximum of the νµ → ντ (ν¯µ → ν¯τ ) oscillation probability
occurs for cos θn ∼= 0.1, or 2X ′ ∼= 1270 km. For cos θn <∼ 0.2 and |∆m231| = 3× 10−3 eV2, the
oscillations involving the atmospheric νe (νe → νµ,τ , νµ → νe) and ν¯e (ν¯e → ν¯µ,τ , ν¯µ → ν¯e)
with energies in the multi-GeV range, E ∼ (2.0− 10.0) GeV, are suppressed. If ∆m231 > 0,
for instance, the Earth matter effects suppress the antineutrino oscillation probability P¯2ν ,
but can enhance the neutrino mixing in matter, or sin2 2θ′m. However, since the neutrino
path in the Earth mantle is relatively short one has 2X ′∆E ′ ≪ 1, and correspondingly
P2ν ≪ 1. Thus, for cos θn <∼ 0.2, all four types of ratios we consider, N2νµ /N0e , (N3νµ /N3νe )vac,
(N3νµ /N
3ν
e )NH and (N
3ν
µ /N
3ν
e )IH, practically coincide and exhibit the same dependence on
cos θn: they decrease as cos θn increases from 0, reaching a minimum at cos θn ∼= 0.1, and
begin to rise as cos θn increases further. This behavior is clearly seen in Figs. 1 and 2.
At cos θn >∼ 0.4, the Earth matter effects in the oscillations of the atmospheric νµ,
ν¯µ νe and ν¯e, can generate noticeable differences between N
2ν
µ /N
0
e (or (N
3ν
µ /N
3ν
e )vac) and
(N3νµ /N
3ν
e )NH(IH), as well as between (N
3ν
µ /N
3ν
e )NH and (N
3ν
µ /N
3ν
e )IH. For sin
2 θ23 = 0.36 and
sin2 2θ13 <∼ 0.05 (upper left panel in Fig. 1), we have at cos θn <∼ 0.8 (neutrinos crossing
only the Earth mantle): (N3νµ /N
3ν
e )NH
∼= (N3νµ /N3νe )IH ∼= N2νµ /N0e ∼= (N3νµ /N3νe )vac. For the
Earth-core-crossing atmospheric neutrinos, cos θn >∼ 0.84, the mantle-core interference effect
(or NOLR) suppresses the ratios (N3νµ /N
3ν
e )NH, IH with respect to N
2ν
µ /N
0
e (or (N
3ν
µ /N
3ν
e )vac):
at sin2 2θ13 = 0.10 the relative averaged difference between N
2ν
µ /N
0
e and (N
3ν
µ /N
3ν
e )NH is
7
11%, while the difference between (N3νµ /N
3ν
e )NH and (N
3ν
µ /N
3ν
e )IH is rather small (upper right
panel in Fig. 1).
At sin2 θ23 >∼ 0.50, the differences between N2νµ /N0e and (N3νµ /N3νe )NH, IH become notice-
able already at cos θn >∼ 0.4. They increase with the increasing of sin2 θ23 and/or sin2 2θ13,
and are maximal for sin2 θ23 = 0.64 and sin
2 2θ13 = 0.10. The dependence on sin
2 θ23 is
particularly strong. The deviations from the vacuum oscillation ratio (N3νµ /N
3ν
e )vac increase
with the increasing of cos θn >∼ 0.4 as well; they are maximal for the Earth-core-crossing
neutrinos, cos θn >∼ 0.84.
For sin2 θ23 = 0.50 and sin
2 2θ13 = 0.05; 0.10, the relative difference between N
2ν
µ /N
0
e and
(N3νµ /N
3ν
e )NH in the interval cos θn
∼= (0.5−0.84) is approximately 11%; 13%; for sin2 2θ23 =
0.64 and sin2 2θ13 = 0.05; 0.10, it is 18%; 24%. The same differences are larger in the Earth
core interval cos θn ∼= (0.84− 1.0) due to the mantle-core enhancement (NOLR) [20, 40, 41],
reaching on average values of 24%; 27% for sin2 θ23 = 0.50 and sin
2 2θ13 = 0.05; 0.10, and
35%; 38% for sin2 2θ23 = 0.64 and the same two values of sin
2 2θ13.
For sin2 θ23 = 0.50, and sin
2 2θ13 = 0.05; 0.10, the relative difference between N
2ν
µ /N
0
e
and the ratio Nµ/Ne in the case of IH neutrino mass spectrum, (N
3ν
µ /N
3ν
e )IH, in the interval
cos θn ∼= (0.50−0.84) has a mean value of approximately 6%; 8%, while if sin2 2θ23 = 0.64 it
is approximately 10%; 14%. It is larger in the Earth core bin, cos θn ∼= (0.84−1.0), reaching
approximately 25% for sin2 2θ23 = 0.64 and sin
2 2θ13 = 0.10.
7The relative difference of, e.g, N2ν
µ
/N0
e
and (N3ν
µ
/N3ν
e
)NH is defined as (1− (N3νµ /N3νe )NH/(N2νµ /N0e )).
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Figure 2: The same as in Fig. 1 but for the ratios of the µ− and e− like events (or event
rates), integrated respectively over the neutrino energy in the intervals E = (4.0 − 10.0)
GeV (left panel), and E = (2.0− 100.0) GeV (right panel), and for |∆m231| = 3× 10−3 eV2,
sin2 θ23 = 0.50 and sin
2 2θ13 = 0.10.
The magnitude of the difference between N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )NH(IH) exhibits a rela-
tively strong dependence on the minimal value of the neutrino energy E from the integration
interval, Emin, and a rather mild dependence on the maximal E in the interval, Emax. With
the increase of Emin, the relative magnitude of the contributions to the energy-integrated
event rates of interest, coming from the energy interval in which the matter effects are sig-
nificant, also increases, leading to larger difference between N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )NH(IH).
This is illustrated in Fig. 2, where the ratios of interest are shown as functions of cos θn for
|∆m231| = 3 × 10−3 eV2, sin2 θ23 = 0.50, sin2 θ13 = 0.10, and i) Emin = 4 GeV, Emax = 10
GeV (left panel), and ii) Emin = 2 GeV, Emax = 100 GeV (right panel). Increasing Emin
(Emax) while keeping Emax (Emin) intact would lead to the decreasing (increasing) of the
statistics in the samples of µ−like and e−like events of interest.
As Fig. 2 illustrates, the relative differences between i) N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )NH and
ii) N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )IH, increase noticeably in the interval cos θn
∼= (0.40− 0.65) with
the increase of Emin, being almost constant for Emin = 4 GeV and reaching the values of
approximately 29% and 19%, respectively 8. For cos θn ∼= (0.84− 1.0), the differences under
discussion exhibit a characteristic oscillatory pattern. These differences have a completely
different behavior as functions of cos θn if Emax is increased to 100 GeV, keeping Emin = 2
GeV (Fig. 2, right panel): they increase approximately linearly with cos θn, starting from 0
at cos θn ∼= 0.25, and having at cos θn ∼= 0.70; 0.84 the values i) 17%; 21% and ii) 9%; 13%,
respectively.
In Fig. 3 we show the predictions for the different ratios of µ−like and e−like event rates
we consider, integrated over the neutrino energy in the interval E = (2− 10) GeV and over
cos θn in the interval cos θn = (0.4−1.0), i) as functions of sin2 2θ13 for |∆m231| = 3×10−3 eV2
8The relative difference between (N3ν
µ
/N3ν
e
)IH and (N
3ν
µ
/N3ν
e
)NH is ∼ 12%.
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Figure 3: The four different ratios of the multi-GeV µ− and e− like events (or event
rates), integrated over the neutrino energy in the interval E = (2.0 − 10.0) GeV and
over the Nadir angle in the interval corresponding to 0.40 ≤ cos θn ≤ 1.0, as func-
tions i) of sin2 2θ13 for |∆m231| = 3 × 10−3 eV2 (left panels), and ii) of |∆m231| for
sin2 2θ13 = 0.10 (right panels): N
2ν
µ /N
0
e (solid lines), (N
3ν
µ /N
3ν
e )vac (dash-dotted lines),
(N3νµ /N
3ν
e )NH (dashed lines) and (N
3ν
µ /N
3ν
e )IH (dotted lines). The results shown are obtained
for sin2 θ23 = 0.36 (upper panels); 0.50 (middle panels); 0.64 (lower panels).
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Figure 4: The ratio N3νe /N
o
e of e−like multi-GeV events (or event rates), for νe and ν¯e
taking part in 3-neutrino oscillations in the Earth (N3νe ), and νe and ν¯e not taking part in
the oscillations (Noe ), as a function of cos θn for sin
2 2θ13 = 0.10 (solid lines); 0.05 (dashed
lines), and for neutrino mass spectrum with normal hierarchy (upper solid or dashed lines)
and with inverted hierarchy (lower solid or dashed lines). The results shown are for sin2 θ23 =
0.5 (left panel); 0.64 (right panel), and for |∆m231| = 3× 10−3eV2. See text for details.
(left panels), and ii) as functions of |∆m231| for sin2 2θ13 = 0.10 (right panel). In each case
the results presented are for three values of sin2 θ23 = 0.36; 0.50; 0.64. The differences
between the ratios of the integrated µ−like and e−like event rates of interest, i.e., i) between
N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )NH and ii) between N
2ν
µ /N
0
e and (N
3ν
µ /N
3ν
e )IH, increase rather rapidly
as sin2 2θ13 increases from 0 to sin
2 2θ13 ∼= 0.05, while the increase is slower in the interval
sin2 2θ13 ∼= (0.05 − 0.10). At sin2 2θ13 ∼= 0.05, the relative differences between N2νµ /N0e and
i) (N3νµ /N
3ν
e )NH and ii) (N
3ν
µ /N
3ν
e )IH in the case under discussion are respectively 13% and
8% for sin2 θ23 = 0.50; for sin
2 θ23 = 0.64 they are considerably larger, 21% and 13%. If
sin2 2θ13 ∼= 0.10, the same two differences for sin2 θ23 = 0.50; 0.64 read 17%; 28% and
10%; 17%, respectively.
It follows from Fig. 3, right panel, that differences between the integrated ratios N2νµ /N
0
e
(or (N3νµ /N
3ν
e )vac) and (N
3ν
µ /N
3ν
e )NH, and (N
3ν
µ /N
3ν
e )IH and (N
3ν
µ /N
3ν
e )NH, are maximal for
values of |∆m231| lying in the interval (2 − 3)× 10−3 eV2, which are favored by the current
atmospheric neutrino data.
In Figs. 4 and 5 we present results just for the multi-GeV e-like event rate. The Earth
matter effects are largest in the oscillations of the atmospheric νe or ν¯e. The dependence of
the ratio N3νe /N
0
e , N
3ν
e and N
0
e being the numbers of multi-GeV e-like events (or event rates)
predicted in the cases of 3-ν oscillations of νe, ν¯e, and of absence of oscillations (sin
2 θ13 = 0),
on cos θn is shown in Fig. 4 for sin
2 θ23 = 0.50; 0.64 and for sin
2 θ13 = 0.05; 0.10. The
deviation of N3νe /N
0
e from 1 would signal that νe and ν¯e take part in oscillations and that
sin2 θ13 6= 0. We can have N3νe /N0e > 1 only if a substantial fraction of the atmospheric
νµ (or ν¯µ) oscillate into νe (ν¯e). As Fig. 4 shows, the ratio N
3ν
e /N
0
e increases with the
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Figure 5: The dependence of the ratio N3νe /N
o
e i) on sin
2 θ13 for |∆m231| = 3 × 10−3eV2
(left panels), and ii) on |∆m231| for sin2 θ13 = 0.10 (right panels), in the cases of neutrino
mass spectrum with normal hierarchy (solid lines) and inverted hierarchy (dashed lines). In
this figure N3νe and N
o
e are the multi-GeV e-like events (or event rates) for νe and ν¯e taking
part in 3-neutrino oscillations in the Earth and νe and ν¯e not taking part in the oscillations,
respectively, integrated over the Nadir angle θn in the intervals corresponding to a) 0.84 ≤
cos θn ≤ 1.0 - neutrinos crossing the Earth core (upper panels), and b) 0.40 ≤ cos θn ≤ 1.0
(lower panels). The results shown are for sin2 θ23 = 0.36 (lower doubly thick solid or dashed
lines); 0.50 (middle thin solid or dashed lines); 0.64 (upper doubly thick solid or dashed
lines).
increasing of cos θn and can be significantly greater than 1 for cos θn >∼ 0.4. At cos θn = 0.8,
for instance, we have for sin2 θ23 = 0.50 and sin
2 2θ13 = 0.05; 0.10 in the case of NH neutrino
mass spectrum (N3νe /N
0
e )NH
∼= 1.14; 1.19, while for sin2 θ23 = 0.64 one finds (N3νe /N0e )NH ∼=
1.21; 1.29. For IH neutrino mass spectrum the ratio of interest, (N3νe /N
0
e )IH , is smaller and
the corresponding values read: (N3νe /N
0
e )IH
∼= 1.07; 1.10 and (N3νe /N0e )IH ∼= 1.11; 1.15,
respectively. For the Earth-core-crossing neutrinos both (N3νe /N
0
e )NH and (N
3ν
e /N
0
e )IH are
larger due to the NOLR effect, and for sin2 θ23 = 0.64 and sin
2 θ13 = 0.10 reach the values
(N3νe /N
0
e )NH
∼= 1.45 and (N3νe /N0e )IH ∼= 1.26.
For given sin2 θ23 and and sin
2 θ13, the maximum of the ratio of the multi-GeV e-like
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event rates of interest N3νe and N
0
e , integrated over θn in the intervals corresponding to a)
cos θn = (0.84 − 1.0) (Earth core bin) and b) cos θn = (0.40 − 1.0), occurs again for values
of |∆m231| = (2 − 3)× 10−3 eV2 (Fig. 5, right panels), favored by the existing atmospheric
neutrino data. For |∆m231| = 3 × 10−3 eV2, sin2 θ13 = (0.05 − 0.10) and sin2 θ23 = 0.64, the
two types of θn− integrated ratios can be as large as: case a) (N3νe /N0e )NH(IH) ∼= 1.36 −
1.39 (1.20− 1.23), and case b) (N3νe /N0e )NH(IH) ∼= 1.19− 1.26 (1.11− 1.15) (Fig. 5, left and
right panels).
4 Conclusions
In the present article we have studied the possibility to obtain evidences for Earth matter
enhanced 3-neutrino oscillations of the atmospheric neutrinos involving, in particular, the νe
(or ν¯e), from the analysis of the µ−like and e−like multi-GeV event data accumulated by the
SK experiment, or that can be provided by future water-Cˇerenkov detectors. Such evidences
would give also important quantitative information on the values of sin2 θ13 and sin
2 θ23 and
on the sign of ∆m2A = ∆m
2
31. We have considered 3-neutrino oscillations of the atmospheric
νµ, ν¯µ, νe and ν¯e, assuming that the inequality ∆m
2
⊙
= ∆m221 ≪ |∆m2A| = |∆m231| holds, as
is suggested by the current solar and atmospheric neutrino data. Depending on the sign of
∆m231, the Earth matter effects in this case can enhance either the νµ → νe and νe → νµ, or
the ν¯µ → ν¯e and ν¯µ → ν¯µ transitions if sin2 θ13 6= 0. The effects of the enhancement can be
substantial for sin2 θ13 >∼ 0.01 and sin2 θ23 >∼ 0.50. They are largest in the multi-GeV e-like
and µ−like samples of events and for atmospheric neutrinos with relatively large path length
in the Earth, crossing deeply the mantle or the mantle and the core, i.e., for cos θn >∼ 0.4,
where θn is the Nadir angle characterizing the neutrino trajectory in the Earth.
As observables which are particularly sensitive to the Earth matter effects, and thus
to the values of sin2 θ13 and sin
2 θ23, and to the sign of ∆m
2
31, we have considered the
Nadir-angle distributions of the ratios N3νµ /N
3ν
e and N
3ν
e /N
0
e , where N
3ν
µ and N
3ν
e are the
multi-GeV µ−like and e-like numbers of events (or event rates) in the case of 3-ν oscillations
of the atmospheric νe, ν¯e and νµ, ν¯µ, and N
0
e is the number of e−like events in the case of
absence of oscillations (sin2 θ13 = 0). As is well-known, the ratio of the energy and Nadir
angle integrated µ−like and e−like events, Nµ/Ne, has been measured with a relatively high
precision by the SK experiment [3].
We have obtained predictions for the Nadir-angle distributions ofN3νµ /N
3ν
e and ofN
3ν
e /N
0
e
both for neutrino mass spectra with normal (∆m231 > 0) and inverted (∆m
2
31 < 0) hierarchy,
(N3νµ /N
3ν
e )NH, (N
3ν
µ /N
3ν
e )IH, (N
3ν
e /N
0
e )NH and (N
3ν
e /N
0
e )IH, and for sin
2 θ23 = 0.64; 0.50; 0.36.
We compared the latter with the predicted Nadir-angle distributions i) of the ratio Nµ/Ne for
the case the 3-neutrino oscillations taking place in vacuum, (N3νµ /N
3ν
e )vac, and ii) of the ratio
N2νµ /N
0
e , the predicted number of µ−like and e−like events in the case of 2-neutrino νµ → ντ
and ν¯µ → ν¯τ oscillations of the atmospheric νµ and ν¯µ, and νe and ν¯e not taking part in the
oscillations (sin2 θ13 = 0). The dependence of the Nadir angle distributions of (N
3ν
µ /N
3ν
e )NH,
(N3νµ /N
3ν
e )IH, (N
3ν
µ /N
3ν
e )vac and N
2ν
µ /N
0
e on the minimal and maximal neutrino energies in
the energy integration interval has also been studied. Predictions for these four different
types of ratios of the suitably integrated over θn Nadir angle distributions of the µ−like and
e−like multi-GeV events were also derived.
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Our results are presented graphically in Figs. 1 - 5. We find that for sin2 θ23 = 0.50 and
sin2 2θ13 = 0.05, the relative difference between N
2ν
µ /N
0
e and (N
3ν
µ /N
3ν
e )NH in the interval
cos θn ∼= (0.5 − 0.84) is approximately 11%. If sin2 2θ23 = 0.64 and sin2 2θ13 = 0.10, the
same difference is approximately 24% (Fig. 1). The relative difference between N2νµ /N
0
e and
(N3νµ /N
3ν
e )NH is larger in the Earth core interval cos θn
∼= (0.84−1.0) due to the mantle-core
enhancement (NOLR) [20, 40, 41], reaching on average values of 24% for sin2 θ23 = 0.50 and
sin2 2θ13 = 0.05, and of 38% for sin
2 2θ23 = 0.64 and sin
2 2θ13 = 0.10 (Fig. 1).
In the case of neutrino mass spectrum with inverted hierarchy, the relative difference
between N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )IH in the interval cos θn
∼= (0.50− 0.84) has a mean value of
approximately 14%, for sin2 θ23 = 0.64 and sin
2 2θ13 = 0.10. It reaches approximately 25%
in the Earth core bin, cos θn ∼= (0.84 − 1.0), for these values of sin2 2θ23 and sin2 2θ13 (Fig.
1).
The magnitude of the difference between N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )NH(IH) exhibits a rela-
tively strong dependence on the minimal value of the neutrino energy E from the integration
interval, Emin, and a rather mild dependence on the maximal E in the integration interval,
Emax (Fig. 2). Increasing Emin from 2 GeV to 4 GeV and keeping Emax = 10 GeV, leads for
|∆m231| = 3 × 10−3 eV2, sin2 θ23 = 0.50 and sin2 θ13 = 0.10 to a considerably larger relative
difference between N2νµ /N
0
e and (N
3ν
µ /N
3ν
e )NH(IH) in the interval cos θn
∼= (0.40−0.65), which
reaches approximately 29% (19%) (Fig. 2). This difference is larger also in the Earth core
bin, cos θn ∼= (0.84− 1.0). We have also found that the differences between the Nadir angle
and energy integrated ratios N2νµ /N
0
e (or (N
3ν
µ /N
3ν
e )vac) and (N
3ν
µ /N
3ν
e )NH, and (N
3ν
µ /N
3ν
e )IH
and (N3νµ /N
3ν
e )NH, are maximal for values of |∆m231| lying in the interval (2− 3)× 10−3 eV2,
which are favored by the current atmospheric neutrino data (Fig. 3). The same conclusion
is valid for the integrated ratio of e−like events N3νe /N0e (Fig. 5).
We have also shown that in the case of the 3-neutrino oscillations of the atmospheric
neutrinos considered, the ratio N3νe /N
0
e increases with the increasing of cos θn and can be
significantly greater than 1 for cos θn >∼ 0.4. At cos θn = 0.8, for instance, we have for
sin2 θ23 = 0.50 and sin
2 2θ13 = 0.10 in the case of NH neutrino mass spectrum (N
3ν
e /N
0
e )NH
∼=
1.19, while for sin2 θ23 = 0.64 one finds (N
3ν
e /N
0
e )NH
∼= 1.29 (Fig. 4). For IH neutrino mass
spectrum the ratio of interest, (N3νe /N
0
e )IH , is smaller: (N
3ν
e /N
0
e )IH
∼= 1.10 and 1.15. For the
Earth-core-crossing neutrinos both (N3νe /N
0
e )NH and (N
3ν
e /N
0
e )IH are enhanced due to the
NOLR effect, and for sin2 θ23 = 0.64 and sin
2 θ13 = 0.10 reach the values (N
3ν
e /N
0
e )NH
∼= 1.45
and (N3νe /N
0
e )IH
∼= 1.26 (Fig. 4).
It follows from our results that the Earth matter effects in the Nadir angle distribution of
the ratio of the multi-GeV µ−like and e−like atmospheric neutrino events (or event rates),
measured in the Super-Kamiokande (or any future water-Cˇerenkov) experiment, might be
observable if the atmospheric neutrinos, including the νe and ν¯e, take part in 3-neutrino
oscillations and sin2 θ13 and sin
2 θ23 are sufficiently large. The observation of relatively large
Earth matter effects (20% - 30%) at cos θn >∼ 0.4 would clearly indicate that sin2 θ13 >∼ 0.01,
sin2 θ23 >∼ 0.50, and would suggest that the neutrino mass spectrum is with normal hierarchy,
∆m231 > 0. However, distinguishing statistically between the neutrino mass spectrum with
normal and inverted hierarchy requires a high precision measurement of the Nadir angle
distribution of the multi-GeV ratio Nµ/Ne and is a rather challenging task.
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